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Abstract

We introduce a deep generative framework for
high-dimensional Bayesian inference that enables
efficient posterior sampling. As telescopes and
simulations rapidly expand the volume and reso-
lution of astrophysical data, fast simulation-based
inference methods are increasingly needed to ex-
tract scientific insights. While diffusion-based
approaches offer high-quality generative capabili-
ties, they are hindered by slow sampling speeds.
Our method performs posterior sampling an order
of magnitude faster than a diffusion baseline. Ap-
plied to the problem of CMB delensing, it success-
fully recovers the unlensed CMB power spectrum
from simulated observations. The model also re-
mains robust to shifts in cosmological parameters,
demonstrating its potential for out-of-distribution
generalization and application to observational
cosmological data.

1. Introduction

The volume and complexity of astrophysical data are rising
significantly due to modern instruments and simulations
(Bellm et al., 2019; Ntampaka et al., 2021). Space mis-
sions and ground-based telescopes such as the James Webb
Space Telescope (Gardner et al., 2006), Euclid (Racca et al.,
2016), Square Kilometre Array (Dewdney et al., 2009),
LSST (Ivezi¢ et al., 2019), Simons Observatory (Galitzki
et al., 2024), and CMB-S4 (Abazajian et al., 2016) will
not only bring about exponential growth to the size of the
observed data but will also increase the resolution and data
acquisition rate to unprecedented levels.
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Bayesian inference provides a principled framework for
estimating physical parameters from observations. How-
ever, the scale and dimensionality of modern datasets pose
substantial challenges for modeling the posterior distribu-
tion. For likelihood-based models, inference can become in-
tractable because the likelihood function often breaks down
as its simplifying assumptions fail at higher data fidelity.
Even moving to likelihood-free (or implicit-likelihood) ap-
proaches, which bypass the need for an explicit likelihood
by relying on forward simulations, fails to fully address key
bottlenecks. Specifically, the computational cost of posterior
sampling often grows prohibitively with data complexity.

In recent years, machine learning (ML) methods have be-
come increasingly popular for addressing challenges in
Bayesian inference. These techniques have driven signifi-
cant advancements in simulation-based inference (SBI) ap-
proaches (Cranmer et al., 2020; Durkan et al., 2020). How-
ever, several challenges remain in realizing the full potential
of these methods for scientific discovery. Key obstacles
include obtaining reliable uncertainty estimates, general-
izing to real data, developing training schemes that work
across problems with minimal fine-tuning, and enabling fast
inference.

This paper introduces a deep generative framework for fast,
high-dimensional Bayesian inference. Our approach builds
on the Hierarchical Probabilistic U-Net (HPU-Net) archi-
tecture (Kohl et al., 2019), which enables learning struc-
tured probabilistic representations using the variational au-
toencoder (VAE) inference framework (Kingma & Welling,
2022). The VAE-based design allows for fast sampling.
We demonstrate the framework’s practical utility on the
task of CMB delensing — removing the effects of weak
gravitational lensing from the observed cosmic microwave
background — and show that the model rapidly and reli-
ably recovers the primordial! CMB power spectrum with
reasonable uncertainty estimates.

"Here, primordial refers to the CMB signal in the absence of
gravitational lensing.
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2. Methods
2.1. Architecture

Our inference framework draws samples from the high-
dimensional posterior distribution p(x|y) of parameters x
given the observed data y.

To make the problem more tractable, we separate the task of
learning the posterior mean from modeling the dispersion of
samples around the mean. This decomposition enables using
lighter-weight probabilistic networks, which are typically
more expensive to train than deterministic ones. This is
achieved through two seperately trained networks:

1. The Mean Network learns the posterior mean,
x(y) = Ex[p(x|Y) }

2. The Dispersion Network models the variability of pos-
terior samples around the mean. It generates sam-
ples from the distribution of deviations, defined as the
difference between a posterior sample and the mean,
d:=x—X.

The Mean Network follows the U-Net architecture (Ron-
neberger et al., 2015) and produces deterministic outputs.
The Dispersion Network can be any generative model; we
use the Hierarchical Probabilistic U-Net (HPU-Net) (Kohl
et al., 2019), which introduces stochasticity by adding sam-
pling layers to the expanding path of the U-Net.

2.2. Training Objective
MEAN NETWORK
The Mean Network minimizes the Mean Squared Error

(MSE) between its output X and the target x:

1

OMeanNet = 5 X — XHE . (D

According to Adler & Oktem (2018), the optimal solution
of training a deterministic neural network (i.e., one with-
out sampling layers) using MSE loss is the posterior mean.
Hence, if properly trained, the Mean Network is guaranteed
to learn the posterior mean.

DISPERSION NETWORK

The Dispersion Network models the joint distribution of
deviations d and some latent variables z, conditioned on
observed data y: p(d,z|y) = p(z|y) p(d|z,y). Itis trained
similarly to a VAE, where the network is tasked with maxi-

mizing the evidence lower bound (ELBO), i.e., minimizing
EDispersionNel = Ezwq(z|5,y) |:_ lnp(6|za Y)]
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The first term is the reconstruction loss, which measures
how well the generated data matches the expected output.
The second term is the Kullback—Leibler (KL) divergence
between the variational posterior ¢(z|d,y) and the prior
p(z]y). For further details, see Kohl et al. (2019).

We employ a diagonal Gaussian negative log-likelihood
reconstruction loss,
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where f1 and ) (or fi; and 67) are estimated from multi-
ple samples generated by the Dispersion Network, and
& = x — x is the deviation of the ground-truth target from
MeanNet’s output. The sum is over all output pixels i.

This choice of reconstruction loss offers two advantages: (i)
For networks with leaky paths®, maximizing the ELBO can
lead to the KL vanishing problem (Bowman et al., 2016;
Fu et al., 2019), causing the network to ignore the latent
variables and collapse to a deterministic solution. Maximiz-
ing the ELBO under the proposed reconstruction loss does
not suffer from this problem; (ii) In VAE-like frameworks,
directly optimizing the variance 67 can cause it to collapse
to zero (Rezende & Viola, 2018), resulting in a deterministic
model. By estimating the variance from posterior samples,
we avoid this collapse while including a loss term that pro-
vides a useful signal for calibrating the model’s uncertainty
estimates. A key component of this design is the VAE-based
approach, which allows fast sampling and makes training
feasible. In contrast, implementing this strategy with a dif-
fusion model would be significantly more expensive.

2.3. Baseline

For some experiments, we compare performance against a
baseline in which the Dispersion Network is replaced with
a conditional diffusion model, trained using the denoising
diffusion probabilistic model (DDPM) framework of Ho
et al. (2020).

Further details on the architecture, training procedure, and
baseline can be found in Appendix B.

2A leaky path is a route in the network’s computation graph
that allows information to flow from the ground truth to the out-
put without passing through the latent space - for example, skip
connections in the U-Net architecture.
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Figure 1. GRF rotation results: (a) Comparing empirical and theoretical moments for a test example. The pixel-wise empirical means and
standard deviations are estimated using 1000 posterior samples. (b) TARP coverage test results.

3. Experiments and Results
3.1. Problem 1: Rotating Gaussian Random Fields (GRFs)

This experiment evaluates our framework on a problem
with an analytically tractable posterior: a linear inverse
problem, where the data y and parameters x are related
through y = Rx + n. Here, R is a transformation matrix,
and n is a random noise vector. If the parameter prior p(x)
and the noise distribution p(n) are both Gaussian, then the
posterior distribution p(x|y) is also Gaussian (Kaipio &
Somersalo, 2005), with the following parameters:
Hposs = (M +M")"'d 2oL =M,

post — ( 4)

d:=2 (3 ppi + RTSMy) M:= (2, +R'Z'R)
where the pri, post, and n subscripts indicate the prior, pos-
terior, and noise distributions, respectively. We set R to be
a 90° rotation. To evaluate performance on this task, we
compare Lpos and o With the empirical mean and co-
variance estimated from the model’s predictions (Figure 1a).
We also employ the Test of Accuracy with Random Points
(TARP) (Lemos et al., 2023) to assess the calibration of the
credible regions produced using the model (Figure 1b).

3.2. Problem 2: CMB Delensing

CMB lensing occurs when the cosmic microwave back-
ground is distorted by weak gravitational lensing from inter-
vening cosmic structures between the last scattering surface
and Earth (Lewis & Challinor, 2006; Hanson et al., 2010).
Correcting for this effect is crucial for obtaining unbiased
estimates of cosmological parameters, studying the distri-
bution of matter in the universe, and removing the lensing-
induced B-mode pattern, which can be confused with signals
from primordial gravitational waves. Recent CMB lensing
results and analyses are presented in Aghanim et al. (2020);
Pan et al. (2023); Qu et al. (2024). Lately, deep learning has
also been applied to CMB delensing. Specifically, Caldeira
et al. (2019); Li et al. (2022); Yan et al. (2023a;b) used

convolutional neural networks to produce point estimates
of unlensed CMB maps. More recently, Floss et al. (2024)
proposed a diffusion-based approach.

In our delensing experiments, we use the Code for
Anisotropies in the Microwave Background (CAMB)
(Lewis & Bridle, 2002) to generate simulated CMB ob-
servations, with and without lensing effects. Specifically,
we use the lensed and unlensed TT power spectra from
CAMB to generate realizations of CMB maps correspond-
ing to each spectrum. The inference framework is tasked
with predicting the difference between the lensed and un-
lensed maps, given the lensed map as input. To evaluate
performance on this task, we compare the power spectrum
of the delensed CMB maps with the target (unlensed) power
spectrum (Figure 2a). We also use TARP to assess the
model’s uncertainty calibration (Figure 2b). Finally, to test
robustness, we evaluate the model on out-of-distribution
(OOD) CMB maps generated using different cosmological
parameters (Figure 2c). To construct an OOD dataset, we
retain the same noise realizations as in the in-distribution
dataset; however, we vary the matter density parameter €2,
by a multiple of the Planck satellite measurement uncer-
tainty oq,, = 0.0073, which affects the TT power spectra
generated by CAMB. Using this procedure, we generate
several OOD datasets with different 2,,, values.

Further details on the data generation procedure can be
found in Appendix A.

4. Discussion and Conclusion

Our framework closely approximates the posterior distri-
bution, with slightly conservative credible intervals. In the
GRF rotation experiment (Figure 1), the empirical and theo-
retical moments align closely, and the model’s uncertainty
estimates are well calibrated. For CMB delensing (Fig-
ure 2a), the unlensed spectrum consistently falls within the
uncertainty regions computed from the power spectrum of
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Figure 2. CMB delensing results: (a) Comparison of the lensed (input), unlensed (target), and delensed (obtained from model outputs) TT
power spectra for six test examples. The delensed spectrum is represented by mean and uncertainty regions computed from 1000 posterior
samples. Relative differences AD, /D, are computed with respect to the mean delensed spectrum. (b) TARP coverage test results. (c)
Out-of-distribution performance for different €2,,, values, with all other cosmological parameters fixed. Each column corresponds to an
Q,, value, which differs from the training (base) value by a factor of the Planck satellite measurement error o, . Each row corresponds
to a unique noise realization used to generate the lensed and unlensed maps.

posterior samples. Furthermore, the model generalizes well
to out-of-distribution (OOD) inputs (Figure 2c): unless the
matter density parameter €2, is significantly perturbed from
training values, the predicted uncertainty bands continue to
contain the true unlensed spectrum. This indicates potential
for application to other OOD scenarios, most importantly
for generalizing from simulations to observations.

Table 1. Comparison of the time required to generate 50 posterior
samples for a batch of 4 test examples on an NVIDIA H100 GPU.
Uncertainties are estimated from 10 runs. The numbers next to the
diffusion baselines indicate the number of denoising steps.

Model Sampling Time (s)
Our Framework 0.31+£0.05
Diffusion Baseline-100 12.85 £0.09
Diffusion Baseline-1000 125.6 £0.4

Furthermore, our inference framework provides uncertainty
estimates, offering an advantage over deep learning ap-
proaches to CMB delensing that produce only point esti-
mates. In addition, leveraging a VAE-based architecture en-
ables fast inference (Bond-Taylor et al., 2022). As shown in
Table 1, our model is at least 40 times faster than diffusion-
based baselines. Beyond their slow sampling, conditional
diffusion models are also known to produce overconfident
uncertainty estimates (Tachella & Pereyra, 2023; Bourdin
et al., 2024). By comparison, our model’s uncertainty esti-

mates are slightly conservative. Lastly, the proposed recon-
struction loss prevents KL vanishing and enables implicit
uncertainty calibration, ensuring latent variables remain in-
formative throughout training and preventing collapse to a
deterministic solution.

Future directions include improving uncertainty calibration,
scaling the framework to higher-dimensional problems, ap-
plying it to observational data, and conducting more exten-
sive comparisons against baselines. To improve calibration,
one could explore modified loss functions that encourage
predicting extreme values, thereby reducing the conserva-
tiveness of credible intervals. Scaling to higher dimensions
would better highlight the advantages of this approach over
diffusion models, particularly as the sampling speed gap
becomes more pronounced. Applying the framework to
observational data includes both training directly on real
observations and investigating how models trained on simu-
lations generalize — or transfer — to real-world settings.

In this paper, we presented a framework for high-
dimensional posterior sampling based on the Hierarchi-
cal Probabilistic U-Net. This method is fast, robust, and
grounded in a sound theoretical foundation. It is well-suited
for simulation-based inference scenarios where direct likeli-
hood modeling is infeasible, enabling the characterization
of high-dimensional posteriors and uncertainty estimation
in physical measurements using neural networks.
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Software and Data

The code for generating data and training models will be
made publicly available in conjunction with the journal
publication.
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A. Data Generation

A.1. GRF Rotation

Figure 3 illustrates the data generation process for the GRF rotation experiment. We train (test) the model on 216 (211)
examples with 32 x 32 resolution. The data was generated by sampling from the prior distribution (pipi = 0, 0p = 1),
rotating the samples by 90°, and adding noise (0, = 0.5) to the rotated samples. In order to increase the effective size of the
training set and enhance the model’s generalization, each training epoch uses different noise realizations.
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Noise Distribution
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)
N (.upri' z:pri

Prior Distribution
|

Ground Truth Observation

( Connection —>  Sampling @ 90° Rotation @ EIementwiseAdditionJ

Figure 3. Data generation process for the GRF rotation experiment.

A.2. CMB Delensing

Figure 4 illustrates the data generation process for the CMB delensing experiment. We begin by calculating the lensed
and unlensed TT power spectra using CAMB, based on the cosmological parameters listed in Table 2. We then apply the
same noise realization to these power spectra to generate lensed and unlensed maps in Fourier space, and then transform
the resulting maps to real space. The training (test) set contains 2'2 (2'1) maps, each covering a 160’ x 160’ region with
32 x 32 resolution. To simulate observational noise, we add random noise (o, = 20) to the lensed maps. Similar to the
GRF rotation experiment, we apply noise during training and use different realizations for each epoch. The input to the
framework is a lensed map, and the target is the difference between the lensed and unlensed maps.

Table 2. Cosmological parameters for the simulated CMB maps.

Parameter Value

Hy Hubble parameter (km s~ *Mpc 1) 67.5

Q,,  Matter density parameter 0.27
Q,  Curvature density parameter 0
7  Thomson scattering optical depth 0.06
In (10'°A)  Primordial curvature perturbations | 2.996
ns  Scalar spectrum power-law index 0.965

¥m,  Sum of active neutrino masses (eV) 0.06

r  Tensor-to-scalar ratio 0
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Figure 4. Data generation process for the CMB delensing experiment.

B. Training
B.1. Hyperparameters
The following hyperparameters were used for the experiments presented in the results:

Data Normalization. We use Gaussian standardization for the GRF rotation experiment and maximum absolute scaling for
the CMB delensing experiment. The normalization coefficients are calculated globally, i.e., based on the entire dataset rather
than individually for each example. We use the training set’s normalization coefficients during inference.

Architecture. All U-Nets have a depth of 4, with a downsampling and upsampling scale factor of 2. For 32 x 32 inputs, this
results in a feature map dimensionality of 2 x 2 at the U-Net bottleneck. We employ average pooling for downsampling and
nearest-neighbor interpolation for upsampling, except for the GRF rotation Mean Network, which uses strided convolution
and transpose convolution. The number of channels for different models is summarized in Table 3. All models use the
following kernel sizes for their respective convolutional layers: [7, 7, 7, 5, 3].

Table 3. Model architecture.

Model Input Channels | Intermediate Channels™
GRF Rotation Mean Network 1 [32, 64, 128, 128, 128]
Dispersion Network 2" [8, 16, 32, 32, 32]
CMB Delensing Mean Network 1 [64, 128, 256, 256, 256]
Dispersion Network 2% [16, 32, 64, 64, 128]

* Ordered from input to bottleneck. The expanding path mirrors this structure.
" The Dispersion Network receives both the observation and the posterior mean.
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Loss Function. When training the Dispersion Networks, we draw 10 samples from the model to estimate the posterior mean
and covariance.

Optimizer. We employ the Adamax optimizer with a weight decay of 10~° and an initial learning rate of 10~%. All other
optimizer hyperparameters are set to their PyTorch default values. The learning rate is then reduced by a factor of 5 at
specific milestones: epochs 200 and 300 for the Mean Networks, every 20 epochs for the GRF rotation Dispersion Network,
and every 250 epochs for the CMB delensing Dispersion Network. We use a batch size of 128.

B.2. Compute Resources

Table 4 summarizes the model size and training time on a single NVIDIA V100 GPU. The training set size and number of
epochs are also included to ensure meaningful comparisons.

Table 4. Model size and training time.

Model # Parameters | Dataset Size | Epochs | Training Time
16
GRF Rotation Mean Network 7.5M 2 400 25 hours
Dispersion Network 780 k 216 50 13 hours
13
CMB Delensing Mean Network 27.8 M 2 400 87 hours
Dispersion Network 39M 213 600 42 hours

B.3. Baseline

We establish our diffusion baselines using the HuggingFace Diffusers library (von Platen et al., 2022), specifically instantiat-
ing the UNet2DConditionModel. This architecture follows a symmetrical encoder-decoder U-Net design. The encoder
consists of three standard convolutional blocks, followed by a cross-attention block that integrates conditioning information.
The decoder mirrors this structure in reverse. The number of channels increases progressively through the convolutional
blocks: 64, 128, and 256. The conditioning inputs, comprising the observation y and the Mean Network’s prediction X, are
processed by a separate convolutional encoder. This encoder is composed of three sequential convolutional blocks. The
resulting feature maps are restructured and used as keys and values in the U-Net’s cross-attention mechanism.

We train this model using the denoising diffusion probabilistic model (DDPM) framework of Ho et al. (2020), with the
Adamax optimizer and a cosine learning rate schedule with a peak learning rate of 10~* and and 500 warmup steps.

B.4. Software

This research made use of CAMB 1.3.6 (Lewis & Bridle, 2002), PyTorch (Paszke et al., 2019), JAX (Bradbury et al., 2018),
NumPy (Harris et al., 2020), Matplotlib (Hunter, 2007), TensorBoard (Abadi et al., 2016), and Weights&Biases (Biewald,
2020). We acknowledge the use of ChatGPT for guidance and clarification during the course of this research.
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