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Abstract
Stars’ chemical signatures provide invaluable in-
sights into stellar cluster formation. This study
utilized the Weisfeiler-Lehman (WL) Graph Ker-
nel to examine a 15-dimensional elemental abun-
dance space. Through simulating chemical distri-
butions using normalizing flows, the effectiveness
of our algorithm was affirmed. The results high-
light the capability of the WL algorithm, coupled
with Gaussian Process Regression, to identify pat-
terns within elemental abundance point clouds
correlated with various cluster mass functions.
Notably, the WL algorithm exhibits superior in-
terpretability, efficacy and robustness compared
to deep sets and graph convolutional neural net-
works and enables optimal training with signifi-
cantly fewer simulations (O(10)), a reduction of
at least two orders of magnitude relative to graph
neural networks.

1. Introduction
Over the past decade, innovative spectroscopic surveys, such
as Gaia-ESO, APOGEE, GALAH, and LAMOST, have sig-
nificantly advanced our understanding of the Milky Way
(Gilmore et al., 2012; Luo et al., 2015; Majewski et al.,
2017; Buder et al., 2020). These surveys have generated
detailed mappings of the galaxy, capturing complex chem-
ical profiles of 105 − 107 stars. Consequently, we have
extensive data on up to 30 different elements within each
star, surpassing the scope of past research that was limited
to a few thousand high-quality stellar spectra (Fuhrmann,
1998; Bensby et al., 2003).
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However, conventional analysis methods for this rich, high-
dimensional dataset often lean on outdated models devel-
oped before the advent of comprehensive spectroscopic sur-
veys. Many of these models oversimplify the multidimen-
sional chemical space by focusing on chemical tracks and
neglect its broader complexity (Weinberg et al., 2019; Grif-
fith et al., 2019; 2020; Buck et al., 2021; Chen et al., 2022).
Furthermore, these models typically presume that stars are
independently drawn from a parent distribution, failing to
consider the formation of stars in clusters or aggregates.

Stars originate within clusters, spreading throughout the
galaxy and leaving distinct chemical signatures (Li et al.,
2019; Just et al., 2023). These tags offer precious insights
into star cluster formation and dispersal (Freeman & Bland-
Hawthorn, 2002; Spina et al., 2022). Studying these tags
affords us an understanding of the early stages of the Milky
Way’s evolution and its dynamic states, as the formation
conditions and aggregations of stars mirror the galaxy’s
turbulence state (Ha et al., 2021; Smith et al., 2022).

Despite its potential, chemical tagging—the identification
of unique clusters via the multidimensional space of ele-
mental abundances—has shown limitations. While different
cluster mass functions generate unique patterns within the
elemental abundance space, the paucity of chemical vol-
ume currently hampers our capacity to identify individual
clusters directly (Ting et al., 2015; Ness et al., 2018; Price-
Jones & Bovy, 2018). Instead, the underlying cluster mass
function is inferred through robust summary statistics that
capture subtle variations in point cloud morphology.

This study introduces a novel approach to the complexities
of statistical chemical tagging, employing a graph-based
kernel method. Our methodology is inspired by the well-
explored field of graph isomorphism and its ties with graph
kernels, a domain extensively investigated in machine learn-
ing (Kriege et al., 2020). To our knowledge, this potent
technique has not been previously utilized in astronomy.
Our aim is to demonstrate the potential of the Weisfeiler-
Lehman graph kernel method (Shervashidze et al., 2011;
Morris et al., 2017; Schulz et al., 2022), known for its simple
yet powerful formalism, in advancing the statistical study of
stellar population chemical properties.
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Figure 1. Weak chemical tagging. The plot presents a 2D projection of a complex 15D elemental abundance space. The left panel displays
the smooth distribution, determined from the APOGEE data via a normalizing flow. The central and right panels depict varying Milky
Way stochastic chemical evolution scenarios. Incorporating larger star clusters through an elevated mass cutoff, Ncut, or a subdued
power-law gradient, α, leads to increased clustering in the chemical space.

2. Data and Simulations
Our model is based on a high-quality subset from the
APOGEE DR16 survey (Weinberg et al., 2019), includ-
ing stars from the Milky Way disk situated within a 3-13
kpc radius from the Galactic center and within 2 kpc of the
Galactic plane. We focus on stars with a surface gravity
between 1 and 2.5 and effective temperatures from 4100
K to 4600 K. These stars provide precise estimates of the
abundance of 15 elements from APOGEE: Mg, O, Si, S, Ca,
Na, Al, K, V, Cr, Mn, Fe, Co, Ni, and Cu (Jönsson et al.,
2020; Vincenzo et al., 2021).

We utilize a normalizing flow model, trained on this dataset,
to emulate the distribution within a 15-dimensional elemen-
tal abundance space. The model translates the complex
distribution into a unit-multivariate Gaussian distribution
through invertible neural networks. This allows us to sam-
ple from the distribution by first sampling from the unit
Gaussian, then performing the inverse transformation. Our
normalization flow includes eight units of Neural Spline
Flow and GLOW (Kingma & Dhariwal, 2018; Durkan et al.,
2019), each containing three densely connected layers with
16 neurons.

We populate chemically analogous star clusters within this
15D space. We posit that the number of observed stars fol-
lows a power-law distribution N ∼ N−α, characterized
by the power law slope α and a high-mass cutoff of Ncut

(Dessauges-Zavadsky & Adamo, 2018; Mok et al., 2019).
The elemental abundances of all stars within a cluster are
derived from R15 ∋ x ∼ N (xc,Σ), with Σ representing
the abundance dispersion due to measurement uncertain-
ties. The centroid xc is drawn from the smooth distribution
estimated by the normalizing flow, and the measurement
dispersion Σ from the determinations from Jönsson et al.
(2020). Varying physical conditions of gas fragmentation,
represented in the power law slope and high-mass cutoff,
can result in subtle yet significant clustering properties of

the point clouds, as demonstrated in Fig. 1.

We note that, for the high-mass cutoff Ncut, it doesn’t in-
sinuate clusters initially contained such a limited number of
stars. Our current million-star sample captures a minuscule
fraction due to the Milky Way’s vast parent sample. Notably,
the current survey of 106 stars generally results in a subsam-
pling fraction of 10−5 from the parent distribution of the
entire Milky Way (Ting et al., 2015; 2016). Consequently,
Ncut = 10 corresponds to a star cluster of M ≃ 106M⊙.

3. Methods
Weisfeiler-Lehman Graph Kernel: In the era preceding
the emergence of graph neural networks (GNNs) as tools
for graph representation, kernel methods were the primary
choice for tasks involving graph prediction. However, one
of the most prominent challenges that arose during the ap-
plication of these kernel methods to graphs was formulating
an efficient similarity measure.

To address this problem, the Weisfeiler-Lehman (WL) ker-
nel method was developed to generate features that cap-
ture the inherent structure of input graphs. For a graph
G = (V,E), with V representing nodes and E ⊆ V × V
denoting edges, the neighbourhood of a node v is defined
as N (v) = {u | (u, v) ∈ E}. In our situation, we start
with point clouds in the elemental abundance space that lack
edges. We then impose a graph structure by connecting
nodes that are within a Euclidean distance of less than 0.15
dex in a 15-dimensional space. The radius for this is ob-
tained through a hyperparameter grid search, and the degree
of individual nodes serves as the initial node attributes.

The WL algorithm is designed to refine node attributes
iteratively by incorporating local information. For a given
node v, a multiset of neighbouring attributes is established
and then distilled into a unique embedding li via an injective
function f . The WL kernel method determines the graph
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Figure 2. Initiating with the neighbour count within a predeter-
mined radius (Top Panel), the WL kernel creates an aggregate
embedding tuple for hierarchical similarity analysis. Post five iter-
ations, nodes are colour-coded per WL embedding (Bottom Panel).
The similarity between graphs is gauged via the dot product of the
histogram of these successive embeddings, functioning as feature
vectors (shown in the Inset Panels).

similarity by conducting a set number of iterations to create
a feature map of the graph, ϕ(G), which is the histogram
vector of the node embedding li. The pseudocodes are listed
in Table 1 (refer to Fig.2). The similarity of two graphs,
or the kernel k(G,G′), is then defined as the inner product
of their respective features: k(G,G′) = ϕ(G)Tϕ(G′). The
optimal number of iterations, found to be five in our case,
through hyperparameter grid search.

We perform inference on the target label y = (α,Ncut)
using a zero-mean Gaussian Process (GP) and the graph
kernel as a similarity measure for observed graphs. For any
new graph G∗, its target value y∗ is predicted by a weighted
sum of known y values, with weights derived from the
WL kernel-based similarity between G∗ and the training
graphs G. The mean prediction of y∗ from GP is computed
as y∗ = k(G∗,G)k(G,G)−1y, indicating that the new
graph’s target value prediction depends on its similarity to
training graphs and the training labels

To holistically evaluate our method, we juxtapose it with
two techniques: Deep Sets and Graph Neural Networks.

Deep Set Method: In this model, feature vectors τ(u) ∈
Rk+n are constructed for each node u in a given graph re-
alization G. This includes quantifying neighbours within
a series of k radii, rk ∈ {0.01, 0.05, 0.10, 0.15, 0.20}, and
using n-dimensional positional information to distinguish
isolated and densely populated clusters. The model out-
put on an elemental abundance graph G is then given by,
ϕ
(⊕

u∈G ψ(τ(u))
)
. Here, ψ transforms the feature vectors

Algorithm 1 The Weisfeiler-Lehman Algorithm
Input: Graphs G1, . . . , GN , Total number of WL itera-
tions h, Injective function f
for i = 1 to N do
li(v)← |N (v)|,∀v ∈ Gi

for k = 1 to h do
l′i(v)← f(li(v), {{li(u) | u ∈ N (v)}}),∀v ∈ Gi

li ← l′i
end for

end for
Return Histogram of graph embeddings li : Vi → N ,
from all iterations as features for G1, . . . , GN .

and is given by a learnable multi-layer perceptron (MLP)
with a single layer,

⊕
is a mean aggregation operation, and

ϕ is another single-layer MLP that maps the aggregated
vector representation to parameters y = (α,Ncut).

Convolutional Graph Neural Network (ConvGNN): The
ConvGNN model addresses non-uniform data distributions
by preserving isolated clusters’ statistics through local ag-
gregation. Each node u ∈ G has a hidden representation
hu, updated through a single GNN message-passing layer,
and defined by hu = ϕ

(
τ(u),

⊕
v∈N (u) ψ(τ(v))

)
, where

ψ and ϕ are learnable MLPs and
⊕

is a mean aggregation
function. The node-level representations are averaged with a
readout functionR and passed through another single-layer
MLP ρ, ρ (R({hu | u ∈ G}) to infer the physical param-
eter y = (α,Ncut), effectively leveraging the structural
information of the graphs.

4. Results
This study demonstrates the potent potential of the WL algo-
rithm in mining intrinsic physical parameters from elemental
abundance point clouds. Through 5, 000 distinct chemical
abundance simulations—each characterized by a unique
power-law slope α and high-mass cutoff Ncut—we evaluate
the performance and versatility of the WL algorithm.

Efficacy and Robustness: We measure efficacy by the min-
imum training samples necessary to ensure reliable results,
quantified via the R² score and RMSE of the power-law
slope recovery α (refer to Fig 3). Considering the extensive
training times of ConvGNN, we narrow our scenario by
setting Ncut at 100 and taking α ∼ U(−2.5,−1.5).

The WL algorithm’s edge over deep-set and ConvGNN
methods is unmistakable from Fig 3, excelling in interpret-
ing nuanced elemental abundance data. Even with minimal
simulations—on the order ofO(1)−O(10)—the WL kernel
accurately infers the underlying parameters, outperforming
alternatives that rely on significantly larger datasets—on
the order of O(1000). This proficiency is particularly ad-

3



Weak Chemical Tagging with Graph Kernel Method

Figure 3. Performance of the WL kernel in weak chemical tagging.
The plot presents the R² score and Root Mean Squared Error
(RMSE) as a function of training data size, underscoring the WL
kernel’s effectiveness in predicting complex data structures as
opposed to Deep Sets and ConvGNNs.

vantageous when applying the WL algorithm to realistic
hydrodynamical simulations, where the training limitations
of ConvGNN would prove problematic.

Scalability and Interpretability: The impressive perfor-
mance of the WL algorithm underlines the importance of
a strong inductive bias in assessing the subtleties of star
clustering in chemical space. Fig. 2 showcases how the
WL approach, which implements a predetermined message
passing and aggregation mechanism, as opposed to Con-
vGNNs, leads to robust results and enhanced interpretability.
Hierarchical embedding of each node, for example, aids
in identifying systematic biases such as potential biasing
signals from open clusters or globular clusters.

Additionally, recognizing hierarchical signals and the inher-
ent inductive bias enables us to make practical simplifica-
tions without substantial accuracy compromise. As demon-
strated by Fig 3, even when only one in every five nodes
is randomly selected in the graph during message passing,
the robustness of the results is preserved. This is mainly
attributable to the similarity in the node embedding in neigh-
bouring features. Such a reduction, cutting computation by
a factor of 52 = 25, barely impacts the overall outcome

Prospects for Weak Chemical Tagging: Exploring the
practical utility of the WL kernel, we turn our attention to
Fig 4. We adjust both the high-mass cutoff Ncut and the
power-law slope α. For this final implementation, we use
a training dataset of 500. The ellipses in Fig 4 depict the
empirical uncertainty derived from the test dataset, assessed
via 10-fold cross-validation using the 5, 000 simulations.
While some extreme conditions lead to marginal uncertainty
degradation, the WL algorithm consistently produces a suit-
able statistical uncertainty range across a broad parameter
space at the level of 0.1− 0.2 dex in α and 0.1− 0.15 dex
in the logarithmic of Ncut with 2× 104 stars.

For an initial trial, we apply the high-quality APOGEE

Figure 4. Recovery of the power-law slope and high-mass cutoff
via WL kernel. The ellipses illustrate the statistical errors for point
clouds of 2× 104 stars measured empirically from the mock tests.
The symbol represents the limit when applying the algorithm to a
well-curated, albeit incomplete, APOGEE sample of 2× 104 stars.

sample of 2 × 104 stars, yielding optimal values of α =
−2.26+0.36

−0.32 and Ncut = 9.4+7.0
−4.2, with uncertainties calcu-

lated through bootstrapping. This approach accounts for
both statistical and systematic errors due to the model as-
sumption. The derived power-law slope, α, aligns with
young clusters’ research (Dessauges-Zavadsky & Adamo,
2018). For the high-mass cutoff, the Ncut equals 9.4 for
a sample size of 2 × 104, which when factored with the
sampling rate, corresponds to 107− 108M⊙ (see Section 2),
consistent with the globular cluster masses. The anticipated
full paper will probe the global CMF constraint with a larger
sample (107 stars) from various spectroscopic surveys, and
further investigate its evolution by delving deeper into the
elemental abundance space in tandem with stellar ages.

5. Broader Impact
The structure of the universe manifests in complex
patterns in our observations. Decoding these pat-
terns—astrostatistics’ primary challenge—uncovers the
physical parameters governing the system. Despite its
power, astronomical analysis often neglects the rich informa-
tion embedded in hierarchical structures, typically focusing
on scalar and vector fields. Graph neural networks have
disrupted this traditional field-only analysis, leveraging raw
observational data in the form of point clouds of features like
positions, velocities, and elemental abundances. However,
they grapple with interpretability and training convergence.

This study puts forth graph kernels that can rival graph neu-
ral networks. The WL kernel’s success largely stems from
its strong inductive bias, effectively harnessing hierarchical
information from astronomical point clouds. By address-
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ing the challenge of weak chemical tagging, we introduce a
first-principle approach with the potential to further Galactic
Archaeology studies. Furthermore, our techniques could
inspire new graph neural network applications, fostering a
more statistical and fundamental approach.
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